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研究成果の概要（英文）：A locally conformal Kaehler structure (lcK structure) on a Hermitian 
manifold (M,g,J) is the fundamental 2-form Ωsatisfying dΩ =ΩΛθ for some closed 1-form θ. The 
Lee field A is determined by the formula g(X) = g(A,X). If A is holomorphic Killing, then M is said 
to be a Vaisman manifold. If a Lie group G admits a left invariant lcK structure, G is said to be an
 lcK group. We have determined homogeneous Vaisman manifolds. Moreover, we classied unimodular 
Vaisman lcK groups.
研究分野：Geometry and Topology
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ば軌道写像 ev : TnC!M , ev(t) = txから
誘導される準同型 ev : Z2n ! H2(M ;Z)
はホモロジー的単射であることが知られ
























を満たし,  は closed 1-formでとれると
き, (M;
)を lcK 多様体という. ここで
は Lee form と呼ばれる. がもし exact
なら, M 上の関数 f が存在して  = df と
なるから, ()  = e f 
 とおけば等式
から
 はケーラー form となる. したがっ
てM は共形的にケーラー多様体である.
Vaismanは 1980年代初期に先の Lee 形
式  に対し, g(X;Y ) = 
(X; JY ) で与
えられるエルミート計量 gの非退化性か
ら g(X; ) = (X) (8X 2 TM) となる
Lee ベクトル場 を考え, これが gに関し
て正則 Killing (言いかえると  がつくる
1-径数群が正則等長変換群をなす)となる




(Y; (!; J))との積 S1Y はVaisman lcK
構造をもつ. (S1Y 上の概複素構造 Jは








II. 局所等質 lcK 多様体の一意化. 局所
等質 lcK 多様体とは普遍被覆空間が大き
い対称性を持つ等質 lcK 多様体 G=H で











orbi-bundle (軌道束) 構造, 幾何
の観点からは正則 Seifert ber束
構造 (holomorphic Seifert ber-
ing)をそれぞれ求める. さらに







Theorem A ([2]). コンパクト lcK 等質
多様体M はVaisman lcK多様体である.






















て, 局所等質多様体  nG=H がいつ Vais-
man lcK構造を持つかその場合のGおよ
びH に関するリー群からの判定条件. 神
島, 長谷川氏, Cortes氏, Alekseevsky氏
は局所等質 lcK 多様体  nG=H の構造を
調べて, いつ Vaisman多様体になるか決
定した. これは一般の G に対する Vais-
man構造の存在を調べることでもある. 神
島, Baues氏は局所等質 Vaisman lcK 多
様体  nG=H に対し Seifert holomorphic
bering構造を調べ, 結果として群拡大と
しての基本群  を決定した.
研究方法の特色: (I) Vaisman lcK 多
様体  nG=H の被覆 G=H の微分同相群
Di(G=H)内の正則推移等長 Lie部分群
を調べる. これはG=H上の可微分作用を





し,積GN(H)はG=Hに ((g; ); xH) =
gx 1H として作用するとき, 自然に準
同型 	: G  N(H) ! Di(G=H) を導
く. 今, Aut(G=H)をG=H 上の正則等長
変換群とする. G=H が Vaisman多様体
のときは G=H 上に左不変 Lee eld  が
3正則 Killing として存在することから, 
が生成する G=H 上の 1-径数変換群 Rが
得られる. ()で述べたケーラー form 
に関して, Gは homothety で作用するか
ら, その中の isometryとして作用する余





るならば,  nG=H の正則 Seifert bering
T 1C !  nG=H ! QnG0=S1 H (=局所等
質ケーラー多様体) が構成できる.




Serre-Novikov operator d = d    がつ




 = 0であり, 1-form  が存在して ()

 = d    ^  とかける. 我々の問題





の点に対し G の 中心 C(G) が 1 次元以
上ならば [
]が消滅するであろうと予測
し,  nG=H が Vaisman になることが証
明できた (つまり ( ; J)は CR-構造を与




[1] D. V. Alekseevsky, V. Cortes, K.
Hasegawa, Y. Kamishima, Homoge-
neous locally conformally Khler and
Sasaki manifolds, International J Math.
26 (6) (2015), 1541001-29.
[2] K. Hasegawa, Y. Kamishima, Compact
Homogeneous Locally Conformally Kahler
Manifolds, Osaka J. Math. 53 (2016), 683-
703.
[3] C. T. C. Wall, Geometric structures on
compact complex analytic surfaces, Topol-
ogy 25 (1986).
４. 研究成果 (English)
The rst part of our results concerns
the existence of Vaisman structure on
homogeneous lcK manifolds. LetNG(H)
be the normalizer of H in G. We have
proved in [1], [2] that if G is a reduc-
tive Lie group such that NG(H) is com-
pact, G=H is Vaisman. The key fact is
that a compact lcK group is necessarily a
4-dimensional Lie group locally isomor-
phic to S1  SU(2). Moreover any left
invariant lcK structure on S1  SU(2)
compatible with any complex structure
is always Vaisman. Along this line, we
shall generalize this result. Let C(G) be
the center of G and C(g) the Lie algebra
of C(G).
Theorem 1. Let (G=H;
; J) be a ho-
mogeneous lcK manifold with Lee form
. If (i) there exists a central element
t  C(g) such that (t) = 1 and (ii)
NG(H)=C(G) is compact, then the ho-
mogeneous lcK manifold (G=H;
; J; )
is Vaisman. In particular, under the con-
ditions (i), (ii), so is any compact non-
Kahler locally homogeneous lcK mani-
fold nG=H.
Next we introduce the following groups:
Recall that the Heisenberg nilpotent Lie
group N is the manifold R  Cn with
group law
(x;z)  (y;w) = (x+ y + Imtzw;z +w)
(z = t(z1; : : : ; zn);w =
t(w1; : : : ; wn) 2 Cn):
It is known that N supports a standard
pseudo-Hermitian structure ( ; J) which
has the group of pseudo-Hermitian trans-
formations N o U(n). Let Tn be the
maximal torus of U(n). Let (k; l) to be
a pair of integers such that k  1, l  0
with k+ l = n. Put 0 = (0; : : : ; 0) 2 Ck,
1 = (1; : : : ; 1) 2 T l, (0; (c1; : : : ; cl)) 2
(0;Cl)  Cn. Choose a nontrivial rep-
resentation  : Cl!T k = (T k;1)  Tn.
Let V l be the abelian group generated
by ci  (ci) 2 (0;Cl)  (T k;1)  Cn o
4Tn which is is isomorphic to Cl. (1 
i  `). Form the solvable Lie group
C(k; l) = Ck o V l in Cn o Tn. Note
[C(k; l);C(k; l)]  Ck (k  1). Thus
C(k; l) is a meta-abelian group. Let N o
U(n)
p ! Cn o U(n) be the central ex-
tension. Consider the pre-imageM(k; l)
in N o U(n) Then M(k; l) is a solvable
Lie group with one-dimensional center
but not meta-abelian unless l = 0 while
M(n; 0) = N . Let  x; (z1; : : : ; zk; c1 
(c1); : : : ; cl  (cl))
 2M(k; l) be an ar-
bitrary element. We further form a solv-
able Lie groupM(k; l)oR in which R =
ha j  2 Ri acts on M(k; l) as
a
 




x; eiizi; cj  (cj)

for some xed nonzero real numbers i
(1  i  k).
Theorem 2. A simply connected uni-
modular Vaisman group is isomorphic to
either one of Lie groups RM(k; l),
M(k; l)oR, RSU(2) or RfSL(2;R).
There are four types of simply con-
nected unimodular lcK groups. First
(i) R  SU(2). Any homogeneous lcK
structure on RSU(2) is always Vaisman
([1], [2]). Note that a compact lcK group
is necessarily a 4-dimensional Lie group
locally isomorphic to S1  SU(2).
(ii) R  fSL(2;R) where fSL(2;R) is the
universal covering of SL(2;R). Any ho-
mogeneous lcK structure on the reduc-
tive group S1  SL(2;R) is classied in
[1] (cf: [2]). It is worthwhile to mention
that there exist non-Vaisman homoge-
neous lcK structures on S1  SL(2;R).
For the remaining cases (iii) RM(k; l),
(iv) M(k; l) o R. Any left invariant ho-
mogeneous Vaisman structure on (iii) or
(iv) is a restriction of any R  N o Tn-
invariant lcK structures on RN . Any
homogeneous lcK structure on a simply
connected nilpotent Lie group is of this
type on RN which is always Vaisman
([2, Theorem 2]).
We do not know whether there exists
a non-Vaisman homogeneous lcK struc-
ture on R M(k; l) or M(k; l) o R for
dimM(k; l)  5. That is, a homoge-
neous lcK structure non-extendable to
RN o Tn-invariant lcK structures.
Theorem 4. A simply connected Vais-
man lcK Lie group which admits a uni-
form lattice is isomorphic to either one
of the following Lie groups R N , R 
SU(2), RfSL(2;R) and N oR in which
R = ha j  2 Ri acts on the Heisenberg
group N as a(x; zj) = (x; eijzj) for
some xed real numbers i (1  i  k).
Theorem 5. Let nG=H be a compact
locally homogeneous Vaisman manifold.
Then we have dimC(G)0  1.
(i) Suppose that C(G)0 = R  T. There
exists a holomorphic bring over a lo-
cally symmetric Kahler orbifold accord-
ing to T = R or S1 respectively.
(ii) Suppose that C(G)0 = R. Then G =
RK1 S0 such that C(K1)0 = C(S0)0 =
f1g. In general there is an orbibundle.
 nRK1=H1!nG=H!Qn(S0)=H0:
(iii) Suppose that C(G)0 = C(G0)
0 = T
(= R or S1). There exists a holomorphic
bering over a locally symmetric Kahler
orbifold.
Finally we have the following topolog-
ical characterization.
Theorem 7. Let  be the fundamental
group of a compact locally homogeneous
Vaisman manifold nG=H. Then  has
a nite index normal subgroup 0 which
is a group extension of a nilpotent group
by a nonpositively curved group. If M is
aspherical, then M is a holomorphic or-
bibundle over a locally symmetric Kahler
orbifold with ber an lcK infranilmani-
fold (or a complex torus T 1C).
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